A Sub-Logarithmic Bound for Lattice Points on Small Circular Arcs

Craig Chen

Abstract

Let I be an arc of the circle of radius R centered at the origin of length at most C'v/R. We
prove that
log R

Inz? =
#(INZ7) <c loglog R

for every C' > 0. The proof combines a Ramana-type determinant identity over Z[i] and leverages
residue collisions modulo primes not dividing R to establish divisibility of the determinant,
which we can translate to a lower bound on the spacing between points on the arc. The result
is formalized in Lean v4.30.
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1 Introduction

Let Er == {(z,y) € Z? | 2% + y*> = R?} be the set of lattice points on a centered circle of radius
R. We will always assume R?> € N. The problem can be approached from two different ways.
Arithmetically, g is controlled by the factorization of R? in the Gaussian integers. Geometrically,
once we zoom into a very short arc, clustering is a statement about distances: one can examine
the chord lengths between lattice points. We will frequently move back and forth between these
two perspectives.

Previous results are able to prove finite bounds for arcs of length R* when « € [0,1/2) but
only yield a log R bound at the critical exponent o = 1/2. The scale VR is indeed critical for the
circle: an arc of this size is just long enough that it has nontrivial sagitta. It is conjectured that
arcs of length comparable to R/? also contain only finitely many lattice points, uniformly in the
radius R, [8, 9]. For almost all R there are quite few lattice points on such arcs [4]; it is uniformity
in R that remains hard (see Section 2.5). In this paper we improve the existing logarithmic bound
by proving a sublogarithmic estimate that every arc I of length at most Cv/R satisfies

log R

I _log it
#INER) <o TR

The proof is a determinant method strengthened by extra arithmetic divisibility. A Vandermonde-
type determinant over Z[i] cannot vanish when it consists of distinct points on the circle, but if
many consecutive points somehow lie in a short interval then the same determinant is forced to be
small. This is the obstruction to clustering we leverage to arrive at our result. The logarithmic
saving comes from strengthening the determinant with congruences modulo rational primes.
Primes p { R? give collision divisibility, while primes dividing R? allow descent to a smaller circle.
Balancing these two alternatives on a single interval of primes, whose weighted mass Mertens’ first
theorem controls, produces the loglog R gain.

1.1 Main result
We identify a point (z,y) € Z? with z = x + iy € Z[i], and write ||z|* = 2Z = 22 + 2.

Theorem 1.1 (Geometric arc form). For every C > 0 and K > 8 there exists Ro(C, K) such that
the following holds. For all R > Ro(C, K) with R?> € N, let I be an arc of the circle x> 4+ y* = R?
of length at most Cv/R. Then

log R

INER) < K ———.
# R) < loglog R

1.2 Proof sketch

We now give a more explicit roadmap of the proof; precise definitions are provided in Section 3.
The key parameter in the argument is the block size s. This is ultimately where the log /loglog
shape comes from.

The first step in the proof is to notice that a determinant identity over Z[i] turns clustering into
an integrality problem: from any 2s-+1 distinct points of g it produces a nonzero Gaussian integer



that is forced to be small when all the pairwise chords are short. Given points z, ..., 295 € Eg, let
Rs(z) be the (2s + 1) x (2s + 1) matrix whose j-th column is

—5 —=—s5—1 — s\T'
(zj,zj ooy 24, 1 zj,...,z) ,

and set J; = det Rs(2), a Gaussian integer. This is the Vandermonde matrix of the Laurent
monomials z7%,..., 2% in disguise: on the circle Z = R?/z, so multiplying the j-th column by
z; clears every conjugate, and the powers of R? created along the way factor out row by row,
leaving the ordinary Vandermonde matrix in the z;. Carrying this out (Proposition 3.1) gives the

Ramana-type identity [18]

<ﬁ zj) J, = Re6+) H (zj — zi).

=0 0<i<j<2s

Since the points are distinct, the Vandermonde product on the right is nonzero, and the prefactor
is nonzero because R > 0; hence J; # 0. Now take norms throughout the identity. Each point
satisfies ||z;||> = R?, so the prefactor contributes Hj||zj||23 = R>»(s+t1) and the norm of the
Vandermonde product is the product of all squared chord lengths. Altogether

1<j

and dividing through, since s(2s + 1) — s(s + 1) = s2,

2
[Lic; iz — zill )

R252

151" =

the norm of the determinant is the product of all squared chord lengths of the block, measured in
units of R%”. Because J, is a nonzero Gaussian integer, HJ5”2 > 1, which is to say the product of
the squared chord lengths is at least R2. In other words, 2s + 1 points on the circle cannot all be
pairwise close: their chords must be long on average, with geometric mean at least RY/2~1/(45+2),
This is the obstruction to clustering. Quantitatively, a block of 2s + 1 points with all pairwise
chords at most B has all squared chord lengths at most B2, hence

R252 < B2s(25+1)

so whenever B25(2s+1) RQSQ, no such block can exist: among any 2s + 1 of the points, some pair
is more than B apart.

The determinant is a fixed-size tool: it takes exactly 2s+ 1 points and says that those particular
points cannot all be pairwise close. Feeding all M points into one giant determinant doesn’t help
because enlarging the block grows the chord budget and the norm requirement simultaneously. If
the obstruction held at the full arc length B = L, nothing more would be needed: any 2s+ 1 of the
points are pairwise within L, so M < 2s outright. But it doesn’t. On its own, the obstruction is
effective only below the scale B ~ RY/2-1/(45%2) well short of L ~ Cv/R. Applied directly at that
scale it still gives a bound, by cutting the arc into L/B stretches of length B, but the covering
factor L/B produces the old logarithmic bound. To improve the result we need to instead improve
the determinant lower bound ||.J;||* > 1 until the geometric obstruction holds at the full arc length.

The second main step is to notice that the determinant must abide by certain divisibility
constraints. Take some prime p { R2. Modulo such a prime, the equation 22 + 32 = R? has only



& p possible residue classes. A block of 2541 points therefore has many pairs which collide modulo
p. Each collision contributes a factor of p to the determinant. If many primes in a controlled
interval are missing from R2, the accumulated prime-power divisibility makes the determinant too
divisible to be compatible with all chords being small. This is what we call the ”missing-prime’
section of the proof.

We are not guaranteed to find many primes missing from R? as needed above, though, which
leads us to the third step of the proof. If the missing-prime branch fails, then many primes in
the same interval must divide R?. In particular, one finds a prime divisor p of R? in a controlled
range. The arithmetic of Z[i] then gives descent. If p =3 (mod 4), the rational prime is inert and
divides every point on the circle when it divides the norm. If p =1 (mod 4), the prime splits as
p = 7w, and at least half of the points are divisible by one of 7w, 7. Dividing by the relevant factor
maps the chosen points to a smaller circle and shrinks chord lengths. The determinant obstruction
can then be applied on the smaller circle.

The final proof balances these two alternatives on a single interval of primes: either sufficiently
many primes are missing, giving extra determinant divisibility, or a useful prime divisor of R?
appears, allowing us to reduce the problem to a smaller circle. Choosing the parameter s at scale
log R/ loglog R makes the two mechanisms meet, and this is where the sublogarithmic bound
comes from.

9

Why log R/ loglog R?

Where does log R/ loglog R come from, and why can’t we simply choose something finite?
Taking logarithms in the block inequality R < B25(2s+1) 4 block of 2s + 1 points with
pairwise chords at most B is impossible if

5(2s + 1) log B® < 2s*log R, ie. B<RI T

But what we want is B < v/R.

For context, here is what a direct application gives without any improvement of the determinant
lower bound. We apply the block obstruction at the largest scale it can forbid, Bs = RY/2-1/(4542)
and cut the arc into 1/2

L R 1
B, < C RU/2-1/(st2) C Rz
stretches of length Bg, each holding at most 2s points, so
1
M < s+sCR%+2,

which is minimized at s = %log R. This is the same logarithmic result that we can get from the
Cilleruelo—Cérdoba argument.

We can do better than just log R because the missing-prime argument allows us to improve
the determinant lower bound from ||Jy||* > 1 to ||Js|* > L, p*», where ¢, counts congruence
collisions in the block. Extra divisibility raises the size of Bj, but to increase By = RY/2~1/(45+2)
all the way up to the critical scale Cv/R, the gain must be at least slog R. By counting prime
collisions in the block and using Mertens’ on the total gain we get to our loglog R bound. Since
every branch of the proof returns M < s, we take s as small as this balance allows, which is

s < log R/ loglog R.

Overview. In Section 2 we review classical results in this problem and compare the proof present
to that of Cilleruelo and Cérdoba. Section 3 states the main result and all the ingredients of the



proof. Section 4 describes the Lean formalization. Full proofs are in the appendices. A glossary of
the notation used throughout the paper is provided in Appendix C.

2 Related Work

2.1 Convex-curve bounds and determinant methods

The classical benchmark is Jarnik’s theorem: a strictly convex arc of length L passes through
< L/ lattice points [11]. Applied directly to a circular arc of length L = CV/R, this gives
< ¢ R'Y? which takes advantage of the curvature of the arc but does not leverage any structure of
the circle. Bombieri and Pila’s determinant method gives far-reaching bounds for integral points
on arcs and ovals [2]; our proof is also determinant-driven, but it uses the special arithmetic of
a fixed circle and the Gaussian integers. The identity at its core is the Gaussian-integer case of
a Vandermonde identity of Ramana [18], introduced there with applications like ours in mind:
integer points on small arcs of conics and divisors of an integer in prescribed congruence classes.

The determinant method also has a non-archimedean branch which resembles our divisibility
step. Heath-Brown’s p-adic determinant method [10] replaces the archimedean input of Bombieri—
Pila with a congruence: points that agree modulo an auxiliary prime p make the determinant
divisible by a large power of p, just as points that are close on a short arc make it small. Salberger’s
global determinant method [20] accumulates the divisibility over many primes at once, from the
way the points distribute over the residue classes of the curve modulo each prime, and Walsh [23]
sharpened the bookkeeping for curves.

Written in this language, the missing-prime mechanism of Section 3 is the Vandermonde case
of the global method, run on a fixed circle. The arc supplies the archimedean smallness, residue
collisions at the missing primes supply the divisibility, and the nonzero integer ||Ji||* has to satisfy
both constraints at once, yielding the inequality (MP); the collision counts ¢, play the role of
the class statistics of the global method. Primes dividing R?, which the general method has no
use for, get a separate mechanism here: descent in Z[i], which is special to norm forms. And
the circle offers a structural simplification: the determinant never vanishes (Proposition 3.1), so
the divisibility cannot be absorbed by a vanishing determinant and instead forces up the norm
lower bound. Could this machinery strengthen the theorem? Not the shape, as far as we can tell.
The deeper p-adic filtration — collisions modulo p?, p3,... — is a convergent constant gain, the
pigeonhole cap of Section 5 binds the global method exactly as it binds ours, and running the
method at a single large prime reproduces the below-critical fixed-k bounds rather than improving
the critical scale. We view the present proof as the small-prime, collision-based corner of the global
determinant method, with descent as the extra arithmetic input.

2.2 Cilleruelo-Cordoba and Cilleruelo—Granville

For circles centered at the origin, much sharper local results are known. Cilleruelo and Cérdoba
proved fixed-k bounds below the square-root scale [7]. Namely: for every k > 1, every arc of length

V2 RY? 1w

contains at most k lattice points. Cilleruelo and Granville later studied the fine structure of close
lattice points on circles and gave families of four points at short scales [9]; related conjectures on
boundedness of short arcs appear in [8].



The Cilleruelo-Cérdoba estimates imply a logarithmic bound at the v/R scale. Assume R > €2,

and set
Pog R-‘
krp = .

2

Then
1 1

< .
|kr/2| +2 ~ logR
The length allowed by the Cilleruelo-Cérdoba theorem is at least

4|kr/2] +2>1logR = 1

1
\@Rl/QULkRmJH > \/531/2—71%13 - @JR‘
e
Thus arcs of length at most (v/2/e)v/R contain at most
1
kr < 5 logR+1

lattice points.
For a general fixed C' > 0, divide an arc of length at most C'v/R into

Ce
Jo=|—%
¢ M
subarcs, each of length at most (v/2/e)v/R. Summing the preceding bound over the subarcs gives

1
#(INER) < Jo <2 log R + 1> < log R.

Both our approach and Cilleruelo-Cérdoba’s approach use integrality-gap arguments in Z[i] by
isolating a quantity that is a nonzero Gaussian integer (hence has norm at least 1) and that is
forced to be small when many lattice points crowd into a short arc. In their argument [7] they
study the differences in angles of the lattice poitnts. Writing the split part of R? as [] j p?j , every

point of Ex has the form R ™25 15 ®i+/4)  where ®; is the angle of the Gaussian prime above
p; and the integer exponents satisfy |v;| < a; and v; = «; (mod 2). The half-angle difference
of two points is then, up to a unit, the angle of a lattice point on a circle of radius at most

V2 Hj p?j % |/4; being off the real axis, that point has imaginary part at least 1, so the angular
gap between the two points is at least the reciprocal of this smaller radius. Multiplying the pair
bound over all (m; 1) pairs and maximizing the exponent sums » | 5.8 |vj,s — Vj,¢| by an extremal
combinatorial argument yields the fixed-k theorem.

Notice that for a single block the two mechanisms are quantitatively identical (Corollary 3.2).
The Ramana determinant should therefore be viewed as a repackaging of the same integrality gap:
the Vandermonde factorization collects all pairwise differences of a block into a single nonzero
Gaussian integer, and the norm bound ||J5H2 > 1 is applied once per block instead of once per
pair. Repackaging this way lets us use primes outside the factorization of R?. The determinant,
being a polynomial in the coordinates of the points, also feels congruences from primes that do not
divide R?. The main difference between the approaches is that theirs relies on the prime divisors
of R? whereas ours relies on the non-divisors. It’s this second, unconditional supply of primes that
improves the bound from log R to log R/loglog R.




2.3 The logarithmic barrier

Could the logarithm of the previous subsection be an artifact of the argument? So far it seems
like no: the exponent 1/2 —1/(4 |k/2] 4+ 2) has not been improved for any k since 1992, and for
arcs of length C'v/R nothing between < ¢ log R and the conjectured <¢ 1 is known.

Ares of length R*, o < 1/2. The exponent 1/2 — 1/(4 |k/2] + 2) is sharp for k < 3, including
the constants. An arc of length /2 contains at most one lattice point, and the pairs (n,n 4 1),
(n + 1,n) span arcs of length v/2 + o(1) [8]. Cilleruelo proved that an arc of length (16R)"/3
contains at most two lattice points [6], and the triples

(4n® — 1, 2n* 4+ 2n),  (4n3, 2n* 4 1), (4n +1, 2n% — 2n)

realize that length asymptotically. Cilleruelo and Granville determined the sharp constant for
three points at the same exponent RY/3, and constructed infinite families of circles with four lattice
points on arcs of that length; one of the families is built from Fibonacci numbers [9]. For every
k > 4 the 1992 theorem is still the best known. Already for k = 4 the question is open in both
directions: there is no construction of infinitely many circles with four lattice points on an arc of
length o(R%*/®), and no result rules them out [8].

Ares of length Cv/R. Cilleruelo and Granville also stated the boundedness conjecture in
coordinates: for every o < 1/2; the number of representations R? = a® + b? with || in a prescribed
interval of length R® should be bounded in terms of « alone [8, Conjecture 13]. They observe that
intervals starting at b = 0 are elementary for o < 1/2: if |b| < V/R, then a = v/R% — b2 is confined
to an interval of length at most 1. In arc language: an arc of length C'v/R that touches one of
the four points where the circle meets the axes contains finitely lattice points for trivial reasons.
The difficulty is uniformity over the position of the arc, and the interval version is open for every
a>1/2.

Ares of length R*, a > 1/2. Here the best known uniform bound is the divisor bound
#Er = R°W for the entire circle. Cilleruelo and Granville conjecture uniform boundedness all the
way up to length R'~¢ [8, Conjecture 14].

We have found no bound between < ¢ log R and the conjectured finite bound in the literature;
Theorem 1.1 appears to be the first sublogarithmic bound for arcs of length C'v/R.

2.4 Squares in arithmetic progressions and a congruence analogue

Why is the scale v/R so challenging? One answer is that a uniform bound for arcs of length Cv/R
is connected to old open problems about squares. Let o(k) denote the maximal number of squares
in an arithmetic progression of length k. Rudin conjectured o (k) < vk [19]. Szemerédi proved
o(k) = o(k) [21], Bombieri, Granville and Pintz proved o(k) < k?/3t°() [1], and Bombieri and
Zannier proved o(k) < k3/5+°(1) [3] which is still the record; the last two proofs pass through
counting rational points on families of auxiliary curves. Cilleruelo and Granville connect these
problems to the clustering of lattice points on circles through a list of intermediate conjectures [8].

Another parallel concerns the congruence analogue of a short arc: how many solutions can
22 = a (mod b) have in an interval of length vb? Konyagin and Steger proved that a degree-d
congruence has < 1+ log L/log(1+ b'/%/L) roots in any interval of length L, which at L = b*/% is
< logb [12]. For d = 2, Cilleruelo and Granville rederive the logarithmic bound by a Vandermonde
argument: the product ], j (xj — x;) over solutions in a short interval is a nonzero integer divisible
by a large power of b, and comparing its size against its divisibility bounds the number of solutions
[8]. They conjecture that the number of solutions in an interval of length Vb is in fact bounded,
and show that this implies Rudin’s conjecture.



In both problems, every known upper bound at the square-root scale comes from such a
comparison and produces a logarithm. Theorem 1.1 shows that on the circle the logarithm is not
the limit of these arguments. The theorem does not approach uniform boundedness, and it has no
direct consequence for Rudin’s conjecture.

2.5 Uniform versus almost-all radii

What makes this problem particularly challenging is that the "average” circle and corresponding
arcs contain very few lattice points. It’s important to distinguish the uniform problem from
its almost-all counterpart because the results are completely different. Bourgain and Rudnick
observed that outside a sparse exceptional set of radii, every pair of distinct lattice points on
the circle of radius R is separated by at least R'~¢ [4]. In other words, for almost all R an arc
of length R'~¢ contains at most one lattice point. On the statistical side, Kurlberg and Lester
proved that along a density-one subsequence of admissible radii the nearest-neighbor spacings of
the angles of £ are Poissonian, and also that the density-one restriction is unavoidable: there are
subsequences, even with #&r — 0o, whose angles cluster so strongly that the spacing measure
degenerates to a point mass at zero [13]. Clustering is an exceptional phenomenon, and much of
what we know about the worst cases comes from computation.

There’s also related work that restricts to a special subset of radii. Chan obtains logarithmic
improvements beyond the v/R scale for R? of the form a square plus a much smaller square [5].
Temur studies the concentration of lattice points on short arcs of general conics through sieving
and diophantine approximation, obtaining uniform bounds for weighted counts rather than for the
counts themselves [22]. However, neither approach yields a uniform sublogarithmic bound for arcs
of length Cv/R for general R.

3 Main Results

Full proofs are deferred to the appendix. We first present the key components. Throughout this
section, C' > 0 is fixed, and I is an arc of the circle 22 + y2 = R? of length L < Cv/R. We write
20,-..,20—1 for the lattice points of I; chords are bounded by arclength, so any two of them
satisfy |z; — 2] < L.

3.1 The Ramana determinant
Let s > 1, and let 2, ..., 225 € Z[i]. Define the (2s + 1) x (2s 4+ 1) matrix
Zi", 0<r<s,

Rs(2)r; =<1, r=s,

2! 7%  s<r<2s.

Let
Js(20, ..., 225) = det Rs(2).

The following identity is the case A = Z[i], a; = Z;, B; = 2;, ¥ = R? of Theorem 1 of Ramana [18].

Proposition 3.1 (Ramana determinant identity). If zjz; = R? for every j, then

2s
H 2 | Js(z0,. .., 225) = Rs(s+1) H (25 — z).
j=0

0<i<j<2s



If the z; are distinct, then Js # 0.

Corollary 3.2 (Subcritical block obstruction). Let zp,...,z2s € Zl[i] be distinct and satisfy
zjZ; = R* > 0. If the chord bound |z — z;| < B holds for every i < j, then

R252 S LBQJ s(2s+1) )

Consequently, if LB2J s@stl) R25% | some pair in the block has |zi — zj| > B.

On an arc shorter than the forbidden scale, the whole family is a single block: if B > L and
LBZJ s(2s+1) < R252, then any 2s + 1 of the points would have all pairwise chords at most L < B,
so M < 2s. We call this the saturated regime. Run at a scale B < L, the obstruction still bounds
M, at the price of cutting the arc into L/B stretches of length B; that covering computation is
the baseline bound of Section 1.2. The proof is arranged so that the covering is never needed:
every branch runs its obstruction at a scale equal to its arc length.

3.2 Missing primes

For interval endpoints mg < m1, let
Pr(mo,m1) = {p prime : mg < p <my, pt R’}

be the set of missing primes in the interval (mg,m1], and define the weighted missing-prime mass

1
Mpg(mg,mq) = Z 8P

pEPR(mo,m1)

Fix a block zp, ..., zos of distinct points of €. The missing-prime mechanism strengthens
the lower bound ||.J;||* > 1 used in Corollary 3.2 in three steps: residue collisions modulo each
missing prime force divisibility of the chord products, the divisibility survives cancellation into the
determinant, and the accumulated coprime prime powers raise the norm lower bound.

Lemma 3.3 (Residue collisions). Let p be prime. The congruence % + y?> = R? (mod p) has at
most 2p solutions in (Z/pZ)?. Consequently, if

p=#{(,§) 1 0<i<j<2s, z;=2; (modp)},
where the congruence means both coordinates agree modulo p, then

(2s+1)* 2s+1
4p 2

cp >
If moreover 4p < s, then ¢, > s*/(2p).

Proposition 3.4 (Determinant divisibility). Let p{ R? be prime. Then p%® | Jg(zo, ..., 225) in
Z[i], and hence p*» | ||Js||? in Z. If P is any finite set of such primes, then

[I2% < Il

peP



Corollary 3.5 (Enhanced block obstruction). Let z, ..., 225 € Z[i] be distinct with zz; = R?> > 0,
and let P be a finite set of primes not dividing R%. If the chord bound |z; — zj| < B holds for every
1< j, then
R25? H P2 < LBZJS(QSH)'
peEP

Taking logarithms, Corollary 3.5 says that a block of 2s + 1 points in which every chord length
is at most B is impossible if

s(2s + 1) log | B%| < 2s’log R + 2¢, logp.
(25 + 1) log | B*] gR + ) 2c,logp

peP
————

collision gain

chord budget norm gain

The left side is the total logarithmic size of all s(2s+ 1) chord norms, each a rational integer of size
at most B?; the first term on the right is just the Ramana obstruction of Corollary 3.2; the second
is the missing-prime enhancement. Now replace each quantity by the explicit bound supplied by
the preceding results:

o for P =Pgr(mg,m1) with 4m; < s, Lemma 3.3 gives ¢, > s%/(2p) > E, = |s*/(2p)|;

e rounding each exponent to an integer loses at most one collision, i.e. at most 2logp of gain:
2 LSQ/@I?)J > 52 /p — 2, whence

lo
ZQEplogp > g2 Z 08P _ 2210gp = s> Mp(mg,my) — QZlogp.
peP peP peP peP

A missing prime p produces about s2/(2p) collisions in the block, each worth 2log p of divisibility,
so the gain contributed by p per unit of s? is exactly its Mertens mass log p/p. Substituting in the
chord budget yields the finite weighted-log condition

s(2s+ 1) log LB2J < s2Mpg(mg,my) — 2 Z logp + 2s%log R, (MP)
mo<p<mi

piR?

which is thus nothing more than the logarithmic form of Corollary 3.5 with every block-dependent
quantity replaced by its explicit bound.

Remark 3.6 (Reading (MP) at the critical scale). Substitute B = CV/R, so that log | B%] <
log R+ 2log C, and divide by s*>. Then (MP) is implied by

log R
S

Mp(mg,mq) > +4logC' + o(1),

where the o(1) collects the floor toll 23 p logp/s? < (logmy)/s and a (2logC)/s term; up
to these lower-order terms, (MP) also requires this. So the condition says precisely that the
weighted missing-prime mass must beat the per-s* deficit (log R)/s identified in Section 1.2. With
s < log R/ loglog R the demand is of size loglog R, which is what the Mertens interval of the next
subsection supplies.

Proposition 3.7 (Missing-prime branch). Let s > 1, let mg < mq with 4my < s, and let B > 0

with LB2J > 1. If (MP) holds, then no 2s+ 1 of the points have all pairwise chords at most B. In
particular, if B > L, then M < 2s.

10



3.3 Prime extraction and descent

The missing-prime condition (MP) is only useful if missing primes exist, and it’s not clear if that’s
the case a priori in a given range. The proof needs a supply of primes that is guaranteed to be
present at finite, explicit sizes. Conveniently, Mertens’ first theorem provides exactly this [14]: for
every x > 1,

logp < 5log2+ 3
plp—1) ~ 4

1
—2—F < E ng—logx < log4 +4, B = g
p<z P

Let 2 < my < mq. Evaluating at both endpoints and subtracting gives a floor for the weighted
mass of the interval:

1
M(mg, m1) = Z 8P 10g% — e, ey = (logd +4) + (2 + E1) < 10.

mo<p<mi

The deficit ¢jy is a fixed constant, so taking mj/mg equal to a power of log R makes the floor a
multiple of loglog R.

The proof branches into two paths based on the following condition. The missing-prime
mechanism needs primes non-divisors with enough weighted mass, while descent needs a prime
divisor of R2. Neither resource is unconditionally available. What we can do is choose a threshold
that always guarantees at least one of the branches will have enough resources. We call this the
few-primes condition, which holds when the missing primes account for less than the guaranteed
floor:

Mg (mo,m1) < log "X — car. (FP)
mo

This says that measured in weighted mass, few of the interval’s primes are missing from the
factorization of R2. We call this branching the few-primes dichotomy. If (FP) is not true, then
the missing-prime mass is at least log(mi/mg) — car; with log(mi/myg) < loglog R this is exactly
the gain of size loglog R that Remark 3.6 demands for the missing-prime branch. If (FP) holds,
then since the full mass of (mg, m1] is at least the floor, some prime of the interval is not missing:
there is a prime divisor

mo <p < my, p|R2>

for the descent approach to use.
Proposition 3.8 (Descent branch). Let p | R? be a prime with mg < p < mj.

(a) If p=3 (mod 4), every z € Eg is divisible by p in Z[i], and division by p maps the family
into Egyp,. Chord lengths are divided by p.

(b) If p=1 (mod 4), write p =77 in Z[i]. At least half the points are divisible by one of 7, 7.
Dividing that subfamily by the corresponding Gaussian prime maps it into ER/\@. Chord
lengths are divided by \/p.

If the corresponding descended subcritical inequalities hold, the original family satisfies M < s.

3.4 Scales and branch bounds

The few-primes dichotomy leaves two situations: either the missing mass on (mg, m;| reaches the
Mertens floor, or some prime mg < p < mq divides R?. Each one feeds the block obstruction, and
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the only choice left is the scale B at which to run it. We take each scale equal to the largest arc
length its branch can see: the missing branch sees the original arc, and descent shortens the arc
by a factor of \/p or p:

CVR CvVR
= Binert(p) =
VP j2
At these scales the obstruction is saturated: it forbids 2s 4+ 1 points within the full arc length, so
it applies to the whole family at once.

B = C\/ﬁ, Bsplit(p) =

Proposition 3.9 (Branch bounds). Let s > 1 and 2 < mg < my with 4m; < s.
(a) If (MP) holds at B = C\/R, then M < 2s.

(b) If some prime p | R with my < p < mq and p =3 (mod 4) satisfies

R2
s(2s+ 1) log LBinert (p)QJ < s%log ?,

then M < 2s.

(c) If some prime p | R with my < p < mq and p =1 (mod 4) satisfies

R2
s(2s+ 1) log LBspm(p)QJ < s?log ?,

then M < 4s.

The displayed inequalities are the subcritical block obstruction of Corollary 3.2 on the descended
circles Eg/p, and Eg P The split branch is the only one that pays a factor of 2, for the divisibility
class of Proposition 3.8.

It remains to choose the parameters, and this choice is where the shape log R/ log log R appears.
Given K > 8, put Q = K/4 > 2, fix ¢ and 6; with 2 < ¢ < @ and % + % < 01 < 1 (possible since
@ > 2), and take

tog & w ) mo = L\/@J ) mp = L(log R)01J :

- {q log log R

Once R is large, these choices satisfy 4m; < s and the inequality of Proposition 3.9 in whichever
branch the few-primes dichotomy hands us: the missing branch demands (1 + o(1)) (loglog R)/q
of weighted mass against the Mertens floor (1 — 3 — o(1))loglog R, and the descent inequalities
reduce to (1+ o(1)) (loglog R)/q < logp with logp > (3 — o(1)) loglog R. The appendix carries
out the verification. In either case

log R log R

M <4s <4 =K
== QloglogR loglog R’

which proves Theorem 1.1. The endpoint of this schedule is optimal for the argument. With
mo = (log R)? the missing branch needs Q > 1/(#; — ) and the descent endpoints need Q > 1/6,
and max(1/60, 1/(61 — 0)) > 2 for every 6 < 6; < 1, with equality approached exactly at § = 1/2,
91 — 1.
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4 Formalization

Every step of the proof, from the determinant identity through Mertens’ first theorem with
explicit constants to the final parameter choice, is machine-checked in Lean 4 over Mathlib [15, 16];
the Mertens input is adapted from the PrimeNumberTheoremAnd project [17]. The formalized
statement is the following parametrized form of Theorem 1.1. It avoids a topological formalization
of arcs: in place of an arc it takes ordered real parameters whose differences dominate chord
lengths, with arclength along the arc as the motivating instance. The integer norm appears as its
own variable N, with R?> = N.

Theorem 4.1 (Asymptotic parametrized theorem). Let C > 0 and K > 8. There exists Ro(C, K)
such that for every R > Ry(C,K), the following holds. Let M,N € N, a,L € R, and let
z:N—=Z[i], t : N — R. Assume

R? =N, 0< M, 0 < N, L<CVR,

zizis =N foralli < M,
that z; # z; for distinct i,j < M, that t; < t; whenever i < j < M, that

2 — 2P < (t;—t:)*  (i,5 < M),

and that
a<t;<a+ L (Z<M)
Then log B
M<K 287
loglog R

This is the statement of mertens_asymptotic_parametrized theorem in MertensMain.lean,
proved for every K > 8, exactly as stated; the proof is the one in the appendix. What is machine-
checked end to end is Theorem 4.1. Theorem 1.1 follows by taking ¢; to be arclength; this reduction
is the elementary chord—arclength estimate, and we write it out at the start of Appendix A.4. The
arclength wrapper
eventually_jarnik_arclength circular_arc_sublog_of_constant_gt_eight
in ArcToParameter.lean states Theorem 1.1 in this form: it takes the chord—arclength inequality
as a hypothesis rather than deriving it from a formalized theory of arcs, so the reduction lives on
paper.

The development is organized as follows.

e RamanaDeterminant.lean: the determinant identity and nonvanishing.
e SubcriticalBound.lean: the subcritical block obstruction.

e ModPrimeCollision.lean and DeterminantDivisibility.lean: collisions modulo missing
primes and determinant divisibility.

e MissingPrimeIntervalBranch.lean: the weighted missing-prime branch.

e MertensFirst.lean and MertensIntervalMass.lean: Mertens’ first theorem with explicit
constants and the interval mass floor.

e SaturatedWindows.lean: the saturated block bounds behind Proposition 3.9.
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e Gaussian descent:

— PrimeDescent.lean
— DescentGeometry.lean
— DescentSubcritical.lean

e MertensDichotomy.lean: the few-primes dichotomy and the branch bounds of Proposi-
tion 3.9.

e MertensSchedule.lean and MertensMain.lean: the asymptotic parameter choice and the
final theorem.

The project builds with lake build without any uses of sorry, admit, or project-level axiom
declarations. The development is available at https://github.com/craigxchen/Jarnik; it pins
Lean v4.30.0 and a fixed Mathlib commit (c5ea003) through its manifest.

Appendix B maps each numbered statement of the paper to the Lean declaration that formalizes
it.

5 Future Work

Can the method of this paper be pushed all the way to the conjectured uniform bound [8], under
which arcs of length Cv/R contain only finitely many lattice points? It seems unlikely. The
constant in the bound can probably be optimized a bit further, but the log R/ loglog R shape is
unlikely to change because of two things.

First, only small primes can contribute. A block of 2s 4+ 1 points has collisions modulo p
only when it overfills the roughly p residue classes of the mod-p circle, which requires p < s.
Even if we count the collisions exactly, the total divisibility a block can collect is at most about
52 Zpgs log p/p ~ s%log s. Second, the chord bound LBQJ looks like the most wasteful step of the
proof because it bounds everything with the maximum possible distance but sharpening it does not
help. Even if we could use the exact distances, we would only get an improvement (after taking
logarithms) of size O(s?). Both gains are < s?log s, while reaching the critical scale requires
slog R (Section 1.2). A finite bound will have to come from a different kind of argument.

What could a different kind of argument look like? Both limits above apply only to proofs
that take a local view of clusters of lattice points. One candidate is the structure theory of close
lattice points of Cilleruelo and Granville [9]. Another is a hybrid of determinant divisibility with
the multiplicative parameterization of [7]. Their angular method has sharp per-pair bounds but
aggregates them lossily because the configurations that saturate its combinatorial step never lie
on one short arc, so congruence information might rule them out. Finally, the descent branch
consumes only a single prime divisor of R? at a time, while the conjectured obstruction should
strengthen with every split prime. Using several divisors at once seems within reach of the present
framework.
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A Proofs

A.1 The determinant and subcritical bounds

Proposition 3.1 (Ramana determinant identity). If z;Z; = R? for every j, then

2s
H 2 | Js(z0,. .., 225) = Rs(s+1) H (25 — z).
j=0

0<i<j<2s
If the z; are distinct, then Js # 0.
Proof. The j-th column of Ry is
)"

—=s =s—1 = s
(zj,zj s Ziy L2y ey 25

Multiply this column by z7. Because z;z; = R?, the entries become

(R%, RQ(S_l)zj, . ,R2z;_1, z, Z;+1, cey z?S)T.
Factor R2(5~") from the row corresponding to 25", for r = 0,...,s — 1. The total factored power

1S
R2(1+2+~~~+S) _ Rs(S—H) )

The remaining matrix is the ordinary Vandermonde matrix with columns

2 25\T
(1, 25,25, .., 25°)"
Its determinant is
H (25 — z).
0<i<j<2s

This proves the identity. If the z; are distinct, the Vandermonde product is nonzero in the domain
Z[i], and the product []; 2] is nonzero because R > 0. Hence J; # 0. O

Corollary 3.2 (Subcritical block obstruction). Let zg,...,z2s € Z[i] be distinct and satisfy
zjZ; = R* > 0. If the chord bound |z; — z;| < B holds for every i < j, then

R252 < LB2J s(2s+1) )
Consequently, if LBQJ s@stl) RQSQ, some pair in the block has |z; — zj| > B.
Proof. Take norms in Proposition 3.1. Since J; is a nonzero Gaussian integer,
1751 > 1.

The norm of [[; 27 is

IT (117)" = m2sn,
J
The norm of the right side is
2
R Tz = 2l” = BTz = =i,
i<j

1<j

15



because the rational integer R***1) has Gaussian norm R2*(+1D Thus

R2s(2s+1) < R2s(s+1) H sz _ ZiH27

1<j
and hence
R < ] Nz = =il
1<J
There are
<25; 1) =s(2s+1)

pairs. Each norm is a rational integer, so if every chord length is at most B, then every norm is at
most LBQJ and

The final assertion is the contrapositive. ]

A.2 The missing-prime and descent mechanisms

Lemma 3.3 (Residue collisions). Let p be prime. The congruence 2 +3?> = R? (mod p) has at
most 2p solutions in (Z/pZ)?. Consequently, if

cp=#{(,7§) : 0<i<j<2s z;=2; (modp)},
where the congruence means both coordinates agree modulo p, then

(2s+1)2 2s+1
4p 2

Cp =2

If moreover 4p < s, then ¢, > s%/(2p).

Proof. For each of the p values of = € Z/pZ, the congruence y?> = R? — 22 (mod p) is a quadratic
equation over the field Z/pZ and has at most two roots y. Hence the mod-p circle has at most 2p
points.

Write n = 2s+ 1 and let p(z) = (Rz mod p, Iz mod p) denote coordinatewise reduction. Since
R(2:)? + S(2)? = R? in Z, the map p sends the block into the mod-p circle. For each residue class
b let f, be the number of indices i with p(z;) = b, so that ), f, = n with at most 2p nonzero
terms. By the Cauchy—Schwarz inequality,

= (Y 5) <Y R
b b

The number of ordered pairs (i, j) with p(z;) = p(z;), the diagonal included, is Y, fZ; removing
the n diagonal pairs and halving,

:bef—n S n?

n
C —.
P 2 ~ dp 2

For the second claim, the inequality n?/(4p) — n/2 > s?/(2p) is equivalent to n? — 2pn > 2s2.
From 4p < s,
n®—2pn > (2s+1)*—52s+1) = 3%+ Is+1 > 25° O
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Proposition 3.4 (Determinant divisibility). Let p{ R? be prime. Then p%® | Jg(zo, ..., 225) in
Z[i], and hence p* | ||Js||2 in Z. If P is any finite set of such primes, then

[IP% < Il”.

peP

Proof. If z; = z; (mod p), both coordinates of z; — z; are divisible by p, so p | z; — 2 in Z[i]. The
¢p colliding pairs index distinct factors of the Vandermonde product, whence

P ‘ II Gi—=).

0<i<j<2s

By Proposition 3.1,
(H ZJS) JS = RS(S_H) H(Zj — Zi),
J i<j
so p divides u Js, where u = [, 7.

We now cancel u. Its norm is ||u|* = R22s+1) which is coprime to p because pf R? and p is
prime. In general, if u,d € Z[i] with p{ ||ul|®, and p¢ | wd in Z[i], then p¢ | d. Indeed, multiplying
by @ gives p¢ |tud = Hu||2 d; a rational integer divides a Gaussian integer exactly when it divides
both coordinates, so p¢ divides [|ul* R(d) and ||u||* S(d) in Z; since ged(p?, |[u]|?) = 1, it divides
R(d) and J(d), that is, p© | d in Z[i]. Applying this with d = J; and e = ¢, gives p | J;.

Taking norms, ||pe||> = p2 divides ||J;||*. For distinct primes the powers p*» are pairwise
coprime, so their product over P also divides ||Js||*. Since the z; are distinct, J; # 0 by
Proposition 3.1, so || J5||* > [],cpp*. O

Corollary 3.5 (Enhanced block obstruction). Let zq, ..., 225 € Z[i] be distinct with zz; = R?> > 0,
and let P be a finite set of primes not dividing R?. If the chord bound |z; — zj| < B holds for every
1< j, then
R25° H P2 < LBZJS(28+1)~
peP

Proof. As in the proof of Corollary 3.2, the chord norms are rational integers at most LBQJ, SO
taking norms in the determinant identity gives

R2s(25+1) ||J8H2 _ R2s(s+1) H H'Zj o ZiH2 < R2s(s+1) LBQJ s(2s+1) 7

i<j

hence R2” || || < | B?| s(2s 1), Inserting the lower bound of Proposition 3.4 for ||.J,||* completes
the proof. 0

Proposition 3.7 (Missing-prime branch). Let s > 1, let mg < my with 4my < s, and let B > 0
with LBQJ > 1. If (MP) holds, then no 2s+1 of the points have all pairwise chords at most B. In
particular, if B > L, then M < 2s.

Proof. Set P = Pgr(mg,m1) and E, = [s*/(2p)].
Suppose some 2s + 1 of the points have all pairwise chords at most B, so the chord bound of
Corollary 3.5 holds for every pair of the block.
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Every p € P satisfies 4p < 4m; < s, so Lemma 3.3 gives ¢, > s?/(2p) > E, for the collision
counts of the block. Corollary 3.5 applied to the block therefore forces

R25 H P2 < R25? H P2 < LB2JS(25H).
peEP peEP

All quantities are at least 1, so we may take logarithms; using 2F), = 2 L32/(2p)J >s%/p—2,

s(2s+ 1) log LBQJ > 2s%log R + Z 2E,logp > 252 log R + s> Mpg(mg, my) — 2 Z log p.
peEP peP

This contradicts (MP). Hence no 2s + 1 of the points have all pairwise chords at most B, which is
the first claim. If B > L, any 2s + 1 of the points would have pairwise chords at most L < B;
hence M < 2s. OJ

Proposition 3.8 (Descent branch). Let p | R? be a prime with mg < p < mj.

(a) If p=3 (mod 4), every z € Eg is divisible by p in Z[i], and division by p maps the family
into Egyp. Chord lengths are divided by p.

(b) If p=1 (mod 4), write p = 7w in Z[i]. At least half the points are divisible by one of m,T.
Dividing that subfamily by the corresponding Gaussian prime maps it into 83/\/13. Chord
lengths are divided by \/p.

If the corresponding descended subcritical inequalities hold, the original family satisfies M < s.

Proof. If p =3 (mod 4), then —1 is not a square modulo p. From
22 +1y*=0 (mod p)
we obtain 2 = y =0 (mod p). Hence p | z in Z]i] for every point z, and z/p € Z[i] satisfies
l/pl* = R?/p*.

Moreover
|2i/p = 2 /p| = |21 — 2l /p.
Thus the parameter length in the descended problem is divided by p.
If p=1 (mod 4), then p = 77 in Z[i]. Since

p| 2z,

at least one of w, 7 divides z. Partition the original family according to which Gaussian prime
divides z; one class has at least half the points. Divide that class by the corresponding Gaussian
prime. The norm drops from R? to R?/p, and chord lengths are divided by

7| = vp.

In either case, once the descended determinant inequality is subcritical, Corollary 3.2 applies
on the descended circle, saturated at the descended arc length. In the split case the passage to the
larger of two classes costs a genuine factor of 2. Proposition 3.9 records the outcome. O
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A.3 The branch bounds

Proposition 3.9 (Branch bounds). Let s > 1 and 2 < mg < m; with 4m; < s.
(a) If (MP) holds at B = C\/R, then M < 2s.

(b) If some prime p | R with mo < p < my and p =3 (mod 4) satisfies

R2
s(2s+ 1) log LBmert (p)QJ < s%log R

then M < 2s.

(c) If some prime p | R?> with mg < p < m1 and p=1 (mod 4) satisfies

R2
s(2s+ 1) log LBsplit(p)QJ < s%log >

then M < 4s.

Proof. (a) Since B = Cv/R > L, Proposition 3.7 gives M < 2s.

(b) By Proposition 3.8(a), division by p maps the family into £g/,, and chords shrink by p,
so any 2s + 1 of the descended points have all pairwise chords at most L/p < Binert(p). The
hypothesis is the logarithmic form of the subcritical block obstruction of Corollary 3.2 on g/, at
the scale Bipert(p), which forbids exactly such a block. Hence M < 2s.

(c) By Proposition 3.8(b), at least half the points descend to Eg, /> With chords shrunk by /p,
so any 2s + 1 of them have all pairwise chords at most L//p < Bgpit(p). As in (b), the hypothesis
forbids such a block, so the subfamily has at most 2s points, and M < 2 - 2s = 4s. O

A.4 The asymptotic parameter estimates

Theorem 4.1 is the parametrized statement of Section 4; it implies Theorem 1.1 by arclength
parametrization, and we first record that reduction.

Theorem 1.1 (Geometric arc form). For every C > 0 and K > 8 there exists Ro(C, K) such that
the following holds. For all R > Ro(C, K) with R? € N, let I be an arc of the circle x> +y?> = R?
of length at most C\/R. Then

log R
INER) < K ——.
#( R) < loglog R
Proof of Theorem 1.1 from Theorem 4.1. List the lattice points zg, ..., z3—1 of I in order along

the arc, and let ¢; € [0, L] be the arclength position of z; measured from an endpoint of I, so
that ¢; < t; whenever ¢ < j. Two points of the circle at angular distance ¢ have chord length
2Rsin(0/2) < R0, and R6 is exactly the arclength between them, so |z; — z;| < |t; — t;] for all 4, j.
The family (z;,t;) therefore satisfies the hypotheses of Theorem 4.1 with N = R? and a = 0, and
the bound on M follows. O

Theorem 4.1 (Asymptotic parametrized theorem). Let C > 0 and K > 8. There exists Ro(C, K)
such that for every R > Ry(C,K), the following holds. Let M,N € N, a,L € R, and let
z:N—=Z[i], t : N — R. Assume

R? =N, 0< M, 0 < N, L<CVR,
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zizi =N foralli < M,
that z; # z; for distinct i,j < M, that t; < t; whenever i < j < M, that

!Zi—Zj\Q < (tj—tz‘)2 (i, < M),

and that
a<ti<a+L  (i<M).
Then
log R
— loglogR’

Proof. Given K > 8, put Q = K/4 > 2, fix ¢ and 6, with2<q<Qand%—|—% <6 <1, and
adopt the schedule of Section 3.4:

log R 0
— —_— s = 1 RJ 5 = L 1 R 1J .
s {q loglong my L\/ og my = |(log R)
Eventually 2 < my < my. We verify the budget s < Qlog R/loglog R and the inequalities of
Proposition 3.9.

Budget. s < q log’igR +1<Q log)lgogR eventually, because (Q — q)log’ﬁng — 00.

Interval. m; < (logR)" with #; < 1, while s > glog R/loglogR. Since loglogR =
o((log R)'~%), it follows that 4my < s for all large R. In particular my = o(s).

Endpoints. Dividing the split inequality of Proposition 3.9(c)

2
5(2s +1)log <C i
p

> < 52 (2log R — logp)
by s2, the leading terms 2log R — log p cancel and it becomes
1
4log C + 7<logR —logp + 210gC’> < logp.
S

The left side is (loglog R)/q + Oc(1), because (log R)/s < (loglog R)/q. The right side exceeds
logmg = log |VIog R| = (1/2 — o(1)) loglog R, and 1/q < 1/2, so the inequality holds eventually,
uniformly over the primes p > mg. The inert inequality of Proposition 3.9(b) reduces in the same
way to (loglog R)/q + Oc(1) < 2log p, which is weaker.

Threshold. By Remark 3.6, condition (MP) at the scale B = Cv/R is implied by

log R
s

Mp(mg,my) > +4log C + o(1),

where the o(1) absorbs the floor toll QZpePlogp/s2 < mylogmy/s?, which vanishes because
my = o(s). The right side is (1 4 0(1)) (loglog R)/q. In the missing branch the Mertens floor
supplies

using logmq > 01 loglog R — log2 and logmg < %log log R; the fixed deficit c¢j; vanishes into the
o(1). Since 1/q < 01 — 1/2, supply exceeds demand for all large R, so (MP) holds at B = Cv/R in
the missing branch.

In either branch of the few-primes dichotomy, Proposition 3.9 therefore applies, and

log R K log R

M<4s<4 — .
=5 = QloglogR loglog R
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The formalized proof is this argument verbatim: given K > 8 it takes ¢ = (2+ @)/2 and 6; the
midpoint of (% + %, 1), and each o(1) is an explicit eventual bound against the resulting positive
margins.

B Correspondence with the Lean Formalization

Every declaration below lives in the GaussianChain namespace, sub-namespaced by its file; we
list the declaration name and the file that contains it. The hypotheses OnCircleUpTo M N z and
InjectiveUpTo M z appearing in the formal statements describe the M points being counted at
a fixed radius: the theorems are asymptotic in R, and past the threshold they apply uniformly to
every such M-point family at that radius. This formulation avoids the false requirement that an
infinite sequence of distinct points lie on one fixed circle.

e Proposition 3.1 (Ramana determinant identity):
prod_pow_mul_det_ramana_eq normPow_mul_vandermondeProduct
and det_ramana ne zero_of_injective in RamanaDeterminant.lean.

e Corollary 3.2 (subcritical block obstruction):
not_injective_of pairwise_sqDist_le_of_pow_lt in SubcriticalBound.lean.

e The saturation step of Section 3 (any 2s + 1 points of the arc are one block):
card_le_of window_span_saturated in SaturatedWindows.lean.

e The Mertens interval floor of Section 3:
weightedPrimeInterval_ge_log_sub_deficit in MertensIntervalMass.lean,
built on Mertens.sum log prime div_eq_log in MertensFirst.lean.

e Lemma 3.3 (residue collisions):
zmod_circle_card_le_two_mul in ModPrimeCollision.lean and
pairCollisionCount_lower_bound on circle in DeterminantDivisibility.lean.

e Proposition 3.4 (determinant divisibility):
prod_pow_two_mul_pairCollisionCount_dvd_det_ramana norm natAbs
in DeterminantDivisibility.lean.

e Corollary 3.5 (enhanced block obstruction):
not_injective_of_pair norm pow_lt missing prime_product
in DeterminantDivisibility.lean.

e Proposition 3.7 (missing-prime branch):
missing prime_branch_saturated in MertensDichotomy.lean.

e Proposition 3.8 (descent branch):
card_le_of prime_divisor_descent_branch_log_twoScale_saturated
in MertensDichotomy.lean.

e Proposition 3.9 (branch bounds, with the few-primes dichotomy):
card_le four mul_s_of mertens_interval_log and its radius-scale form
card_le_four mul_log div_loglog of mertens_radius_sq_endpoint_bounds
in MertensDichotomy.lean.
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e Theorem 4.1 (asymptotic parametrized theorem):
mertens_asymptotic_parametrized theorem in MertensMain.lean,
proved for every K > 8, exactly as stated.

e Theorem 1.1 (geometric arc form):
eventually_jarnik arclength circular_arc_sublog_of_constant gt _eight
in ArcToParameter.lean, an arclength-parametrized wrapper for every K > 8.

The declaration names of the main statements match the names used in this paper; the
supporting declarations keep Mathlib-style descriptive names.

C Glossary of Notation

For reference, we collect the notation used throughout the paper, grouped by the role it plays in
the proof.

The problem data

N Section 4 only: the integer norm, N = R?, kept as an explicit variable of
the Lean statement

R radius of the circle, with R? € N; all asymptotics are in R — 0o

Er the set of lattice points on the circle, {(z,y) € Z? : 2? + y?> = R?}

1 the arc under consideration

C arc-length constant: arcs have length at most CvR

K the constant of the main theorem, M < K log R/loglog R; every K > 8 is
admissible

Ry(C,K) the threshold radius past which the theorem holds

M the number of lattice points in the family being counted

Z the lattice points, viewed as Gaussian integers = + iy

t; Section 4 only: the ordered real parameters of the Lean statement, with
|20 — zj| <[t — til

a,L L is the arc length, L < Cv/R; in Section 4, all t; € [a,a + L]

Gaussian-integer notation

Z[i]  the Gaussian integers

the norm 2% = |z|?, simultaneously arithmetic size and squared Euclidean
length

z complex conjugate; on the circle, Z = R?/z

m, T conjugate Gaussian primes above a split rational prime p = 77
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Block and determinant machinery

s block-size parameter: the obstructions apply to blocks of 2s + 1 points;
chosen < log R/ loglog R in the final schedule

Rs(z) the (2s+ 1) x (25 4+ 1) Ramana matrix

Js its determinant, the nonzero Gaussian integer carrying the obstruction

B chord bound: no 2s + 1 points may have all pairwise chords at most B;
chord norms in such a block are at most LBQJ; the branch values are

Bsplit (p) = C\/E/\/ﬁ and Binert(p) = C\/E/p

Cp the number of colliding pairs modulo p in a block

E, the explicit lower bound |s?/(2p)| < ¢, for the collision count, used in
(MP)

P a finite set of primes not dividing R2, in practice Pgr(mg,m1)

Primes and the interval

P a rational prime; missing means p { R?

mo, M1 endpoints of the prime interval (mg, m1]; in the final schedule mg =
|VIog R| and my = |(log R)"" |

Pr(mo,m1)  the missing primes in (mg, m1]

Mp(mg,m1) the weighted missing-prime mass ZpG'PR logp/p

The asymptotic parameter schedule

@  budget constant, s < Qlog R/loglog R, set to @ = K /4 (Section 3.4 and
Appendix A.4)

q auxiliary budget constant, fixed with 2 < ¢ < @Q; the schedule takes
s~ qlog R/loglog R

f, interval exponent, m; = L(log R)elj, fixed with % + % <# <1

ey the explicit Mertens deficit (log4 +4) + (2 + E1) < 10 in the interval floor

0 the closing paragraph of Section 3.4 only: variable exponent mg = (log R)?
in the optimality discussion

Section-local symbols

kr Section 2.2 only: the Cilleruelo-Cérdoba baseline parameter [log R/2]

Jo Section 2.2 only: the number of subarcs [Ce/v/2] in the baseline argument

a;j,7;,®; Section 2.2 only: the split part Hj p?j of R?, the exponents 7; of the
angular parameterization, and the angle ®; of the Gaussian prime above p;

n, p, fo Appendix A.2 collision proof: n = 2s + 1, the coordinatewise reduction
map modulo p, and the fiber counts over residue classes b
U Appendix A.2 divisibility proof: the row-scaling prefactor Hj 2 that is
cancelled
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